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The exercises in this booklet are intended to give further practice, should 
you require it, in handling the main mathematical ideas in each chapter of 
MST121, Block C. The exercises are ordered by chapter and section, and 
are numbered correspondingly: for example, Exercise 3.2 for Chapter Cl is 
the second exercise on Section 3 of that chapter. 


Exercises for Chapter C1 


Section 1 


Exercise 1.1 


For each of the following quadratic functions f, write 
down an expression for f’(z), and find the gradient 
of the graph of y = f(x) at the point given. 


(a). fiz)=e"—Tae (9,18) 
(b) f(z) =2—327 .(2,;—10) 
(c) f(x) =72*—12r—19 (1,24) 


Exercise 1.2 
The function f is given by f(x) = 2x? — 5x +1. 
(a) Write down an expression for f’(z). 


(b) Find the gradient at the point (2,—1) on the 
graph of y = f(z). 
(c) Using a result from Chapter A2, find the 


equation of the line which is a tangent to the 
graph at the point (2, —1). 


(d) Find the point on the graph at which the 
gradient is —9. 


Exercise 1.3 
(a) Show that if #0 andr+h#0, then 
ee h(2x + h) 
igh 2? Pleat 


(b) Use equation (1.3) of Chapter C1 Section 1 and 
the result of part (a) to differentiate the function 


fla)=— (2 #0). 


(c) Verify that the result of part (b) can also be 
obtained by applying result (1.4) of Chapter Cl 
Section 1. 


Exercise 1.4 


Differentiate each of the following functions. 


(a) f(e)=a" 


(b) f(z) = 7 


Exercise 1.5 


A ball thrown vertically upwards has position 
s = 15t — 5t? metres above its starting point after 
t seconds. 


(a) Find the velocity ums * of the ball at time t. 

(b) What is the velocity of the ball after 1 second? 
(c) At what time does the ball have velocity zero? 
( 


d) What is the height of the ball when its velocity 
is zero? 


Section 2 


Exercise 2.1 


Differentiate each of the following polynomial 
functions. 


(a) f(x) = 3x'° — 22° + 32 
(b) f(z) =74+ 42? —32*+2° 


Exercise 2.2 


(a) What is the gradient of the graph of 
i 0° — au° + 7 at the point (2, 43)? 


(b) What is the gradient of the graph of 
y = x° — 32° — x? — 6 at the point (—1,—5)? 

Exercise 2.3 
(a) Find the derivative of the function 

f(x) = 3x? + 18x + 15. 
(b) Show that 

f'(—3) = 0; 

f'(x) <0 for z in (—oo, —3); 

f'(z) > 0 for x in (—3, 00). 


(c) Deduce from part (b) the intervals on which 
f(x) is increasing or decreasing. 


(d) Find f(0), f(—3) and the values of x for which 
f(x) =0. 

(e) Use the results from parts (c) and (d) to draw a 
rough sketch of the graph of this function. 


Exercise 2.4 
(a) Find the stationary points of the function 
f(x) = 42° + 6x7 — 92 - 1. 
(b) Classify each of the stationary points found in 
part (a), using the First Derivative ‘Test. 


(c) Find the y-coordinate of each of the stationary 
points on the graph of y = f(x), and evaluate 
f(0). Hence draw a rough sketch of the graph of 
this function. 


Exercise 2.5 
(a) Find the stationary points of the function 
f(z) = 2* — 827 +3. 


(b) Classify each of the stationary points found in 
part (a), using the Second Derivative Test. 


(c) Find the y-coordinate of each of the stationary 
points on the graph of y = f(x). Hence draw a 
rough sketch of the graph of this function. 


Exercise 2.6 

Find the greatest and least values of the function 
f(z) = 2° - 

(a) on the interval [0, 6]; 

(b) on the interval {—1, 3]. 


ea? + 12242 


Section 3 


Exercise 3.1 


(a) Calculate the values of the ratio (e~” — 1)/h for 
each of h = 0.1, 0.001, 0.00001, giving your 
answers to 6 decimal places. To what limit does 
the ratio seem to tend as h > 0? 


(b) Use your answer to part (a) to find the 
derivative of f(x) = e~* from definition (1.3) of 
Chapter C1 Section 1. 


Exercise 3.2 
Differentiate each of the following functions. 


(a) p(x) = 22° —7/r 
(b) g(x) = 3cosx —2sinzx+5 


2 
(c) r(x) = 4e7 —5lnz + 32 — 72 


Exercise 3.3 


Find each of the following derivatives, using the 
notation indicated. 


d d? 
(a) . and cre where z = 2e¥ — 3cosy 
dw 


2 
, where w = — —2Inu+4 
U 


ne = 

du |.» 
(c) g’(t), where g(t) = cost — 5sint 
(d) $ and 8, where s = 3t? —7t+4 


(e) (amr?) 


Section 4 


Exercise 4.1 


Use the Product Rule to differentiate each of the 
following functions. 


(a) p(x) = 3x*e* 

th) Fie = (« ++ =| COs x 
(c) g(t) = e'(sint + cost) 
(d) A(u) = (3 —2u4+ u?) Inu 


Exercise 4.2 


Use the Leibniz version of the Product Rule to find 
the following derivatives. 


d 
(a) 3 where y = z(Inz — 1) 
b . where r = 2\/tcost 
dt 
Exercise 4.3 


Use the Quotient Rule to differentiate each of the 
following functions. 


=} 
C= 
b) f= 
2sin y 
(c) 2(y) si 


Exercise 4.4 
Use the Leibniz version of the Quotient Rule to find 
each of the following derivatives. 

d l 
(a) e where y = a 
3e’ + 1 
t? —1 


d 
(b) s where s = 


Exercise 4.5 


Use the Composite Rule to differentiate each of the 
following functions. 


(a) p(x) = In(sin z) 

(b) h(t) = cos(t*) 

(c) fies eo sz 

(d) k(t) = (#? —3t+1)* 


Exercise 4.6 


Use the Chain Rule to find each of the following 
derivatives. 


d 
(a) a where y = V32?2 +2741 
<3 


d 2 
(b) = where w =e" 


Exercise 4.7 


Use Table 4.1 of Chapter C1 Section 4, together with 
the Product Rule, Quotient Rule or Composite Rule, 
to find each of the following derivatives. 


(a) f'(x), where f(x) = e°* sin(2z) 


(>) g(t), where a(t) = 5a 


(c) h'(a), where h(x) = cos*(4z) 


d 
(d) ae where y = (x? + 2x — 1) cos(5z) 


—22x 


d 
(e) af where y = ; 


72 


d 
(f) =e where z = sin(e*’) 


Exercises for Chapter C2 


Section 1 


Exercise 1.1 


Find each of the following indefinite integrals, using 
the results from Table 1.1 and the rules for 
integration stated in equations (1.2)—(1.4) of 
Chapter C2 Section 1, as appropriate. 


(a) [ (2° 34 >) ae (x > 0) 


- te °°) ds 
(d) / (cos(2t) + sin(27t)) dt 
(e) [(oz* — 73/2 4) de (i > 0) 


0 f (Rade 


i) / (Tet? — 2¢-¥/3) dy 


=) a (t > 0) 


Section 2 


Exercise 2.1 


Find each of the following indefinite integrals. In 
each case, you will need to use an algebraic 
rearrangement before integrating. 


t? —1 
(a) i dt (t>0) 


(b) pee dx 
fe) / (2? — 1)(2? +1) de 
d) eS 4) 


(u > 0) 


fe —e *)(e* +5) dz 


0 f (ve-ste) (Arh) > 


Exercise 2.2 


(a) Using a double-angle formula, find the indefinite 
integral 


/ sin x cos zx dz. 


(b) Using an algebraic rearrangement, and the result 
of part (a), find the indefinite integral 


[ine + 1)(cos xz — 2) dz. 


Exercise 2.3 


Using either of equations (2.3) and (2.4) of 
Chapter C2 Section 2, find each of the following © 
indefinite integrals. 


(a) [oe 43)" de 


Tt 


(c) / sin x cos x dx 


(d) / (ct — en ")(e" +e") du 


(e) | wees at +1 dt 
3t7 + 2t+1 


(f) [ sin‘ wcos xe 


e 2t 
® | saa" 
h) [ Vee +3042 (2 + 1) de 


Exercise 2.4 
(a) Using the Quotient Rule, find dy/dx when 


y = cota. 


(b) Find the indefinite integral 


/ cosec? x dz. 


(c) Using the trigonometric formula 
cosec? « = 1+ cot? z, and the result of part (b), 
find the indefinite integral 


/ cot? x dz. 


(d) Using the result of part (a), and equation (2.3) of 
Chapter C2 Section 2, find the indefinite integral 


/ cot? x cosec? x dz. 


Exercise 2.5 


(a) Show that 


73 


x2 —1 | en 


Hence find the indefinite integral 


=2x7+ 


7 


[aw (2 > 4). 


(b) By first multiplying the top and bottom of the 
fraction in the integrand by e?’, and then 
applying equation (2.4) of Chapter C2 Section 2, 
find the indefinite integral 


1 
——_—_—_ dt. 
/ 7+ e772 


Exercise 2.6 


Find each of the following indefinite integrals. You 
may need to use any of the methods introduced in 
Chapter C2 Section 2. 


(@) [$e ae 
(b) [cot oao (0<0<n) 
(c) [via (t < 2) 


(d) / sec’ x tan? x dx 


(Note that the derivative of tan zx is sec? x; see 


Activity 2.4(a) of Chapter C2 Section 2.) 


(e) / sec* x dx 


(Use the formula sec? x = 1+ tan? z; see 
equation (2.2) of Chapter C2 Section 2.) 


1 
(f) lane 


2 


Section 3 


Exercise 3.1 


A car, moving initially along a level road at velocity 
20ms~!, starts to climb a 1-in-10 hill without 
alteration to the power developed by its engine. Its 
acceleration while climbing is -* g~z—lms~?. 


(a) How far up the slope would the car travel before 
coming to rest, assuming that the slope were 
long enough for this to occur? 


(b) In fact, the car reaches the summit of the hill 
after 150 metres. What is its velocity at the top 
of the hill? 


(c) After reaching the summit, the car descends a 
1-in-20 gradient down the other side. Again, the 
power output is unchanged, so that the car’s 
acceleration is 4g ~ 0.5ms~?. At what 
distance down the slope does the velocity of the 
car reach 20ms~* again? 


(d) What is the total time taken by the car to travel 
up the hill and down, until its velocity is 
20ms~* again? 


Exercise 3.2 


A particle is attached to a spring, which hangs 
vertically from a hook on the ceiling. The particle is 
pulled downwards so that it is at distance 0.5 metres 
below the ceiling. At time t = 0 the particle is 
released, with initial velocity zero, and oscillates 
vertically. The s-axis is chosen to point vertically 
downwards, with the origin at the ceiling, as shown 
in the diagram below. 


' 
‘7 


Ss 


The acceleration of the particle after it starts to 
oscillate is given by the function 


a = —2.5cos(5t). 


(a) Find an expression for the velocity v of the 
particle at time t. 


(b) Find an expression for the position s of the 
particle at time t. 


(c) What is the highest point reached by the 
particle, and at what time does this first occur? 


(d) What is the maximum speed attained by the 
particle, and where does this occur? 


Section 4 


Exercise 4.1 


Evaluate each of the following definite integrals. For 
parts (b), (c) and (d), give your answers to 3 decimal 
places. 


(a) a 3./x dx 


(b) iE (2-304 2) do 


(c) / e”* dt 


Exercise 4.2 
Which of the following definite integrals 


/ Bion. 


represents the area under the graph of y = f(z) from 
g=agth £ Se 


(a) ix ee 
/2 


(b) / sin x dx 
—1/2 


- [ve - 


(d) 2 e ** dx 


Exercise 4.3 


(a) Show that if f(¢) = t(t —2)(¢—4) and0<t< 2, 
then f(t) > 0. Hence find the area between the 
curve y = f(t) and the t-axis from t = 0 tot = 2. 


(b) Find the area under the graph of sinx cos x from 
x=Otor= ST. 


(Use the result of Exercise 2.2(a) or 2.3(c).) 
(c) (i) Using the Product Rule, show that the 


derivative of (x + 1)e~* is —re*. 


£ 


(ii) Hence find the area under the graph of xe 
from x = 0 to x = 2, giving your answer to 
3 decimal places. 


Exercises for Chapter C3 


Section 1 


Exercise 1.1 


In each case below, show that the given function 
satisfies the given differential equation. 


d 
(a) y=}aS +1; = = 2% 
L 


d 
(b) y=sin’ 2; 23 = 2sin rcosz 
x 


d 
(c) y= 5e** + 2; pe, Sh 
2, dy 
(d) gee"; 5 ec 


fe) y= tanc; = =1+y 
(Note that the derivative of tan x is sec* x. Also, 
use the formula sec? x = 1 + tan? z.) 
ay ty 
f ps2 > = 


Exercise 1.2 


In each case below, find the general solution of the 
differential equation. 


d 
(a) = =a? 30+] 


(b) a = sin(2x) + cos(2z) 


—3t 


(c) ees 


(a) Yo - = 432 eee 


Exercise 1.3 


Solve each of the following initial-value problems. 


d 
(a) oa =2-3sin(4rz), y= > whenz=0 


d ee 
(b) i (t>0), w=3 whent=1 
(c) © = 4nr?, v =0whenr =0 
—=A7 = 0 when r = 
dr 
ds 1 
(d) =, = cos (5¢), s=Owhent=7 
. oe 
(ec) ~—=e'+e", y=2whent=0 


Exercise 1.4 


At time t = 0 a ball is thrown vertically upwards with 
speed 20ms~!. In a model which incorporates the 
assumption that the ball is subject to air resistance 
proportional to its speed, the height s (in metres) of 
the ball above its point of projection at time t (in 
seconds) is given by the differential equation 


d 
—~ = 120e~°* — 100. 
dt 
(a) Find the general solution of this differential 
equation. 


(b) Use the initial condition s = 0 when t = 0 to 
find the height of the ball at time t. 


(c) Show that ds/dt = 0 when t = 101n(%), and 
hence find the maximum height reached by the 
ball, to the nearest centimetre. 


Section 2 


Exercise 2.1 
(a) Show that the equation 
cosy = x 
is an implicit solution of the differential equation 
LA (0<y<n7). 
(You will need to use the equation 
cos? x + sin? x = 1.) 
(b) Express the solution from part (a) in explicit 
form, and hence show that 
1 


V1 — x? 


—(arccos 2) = — (—1 < ¢ = 1): 


dx 


Exercise 2.2 
(a) Show that the equation 
yte’ = 27 —e* +2 
is an implicit solution of the differential equation 
dy Sere 
dx 1+e 


(b) What is the slope of the corresponding solution 
curve at the point (0,0)? 


Exercise 2.3 
(a) Find, in implicit form, the general solution of 
the differential equation 
—— =-—327 (y>0). 
(b) Find the corresponding explicit form of this 
general solution. 


(c) Find the corresponding particular solution that 
satisfies the initial condition y = 4 when x = 0. 


Exercise 2.4 


Solve each of the following initial-value problems, 
giving your answers in explicit form. 

d 
(a) sn = 2ay? ig > 0), y = 1 wen c=0 

dx 2(x—2) 
b) — = ——— Z,¢> 0 
oy = : (x > 2,¢ > 0), 
x=4whent=1 


(To integrate the function of x, use 

equation (2.4) of Chapter C2 Section 2.) 

dy 

eg 
(c) Bae, 


d 
(d) — = ar(1 +1"), u=1whenr=0 


y= 1 when ¢ = 0 


(To integrate the function of u, you may find 
that the Comment for Activity 2.2 of 
Chapter C3 Section 2 is useful.) 


Exercise 2.5 


To which of the following differential equations can 
one of the methods of direct integration or separation 
of variables be applied? For each equation for which 
one of these methods can be applied, use the 
appropriate method to find, in explicit form, the 
general solution of the differential equation. 


dy 

(a) FeO SECY (—$7 <y< $n) 
dy 

by — = 3 22x 

dx e 
d 

(c) - = cos* x + cos? y 
du 

(d) 4 Oe (u > 0) 
dv 2rv 

(e) — € 


Exercise 2.6 


In this exercise, we consider again a model in which a 
ball, thrown vertically upwards, is subject to air 
resistance proportional to its speed. The acceleration 
a of the ball is given by a = —g — kv, where v is its 
velocity, g is the magnitude of the acceleration due to 
gravity, and k is a constant. (Here v and a are taken 
to be positive in the upward direction.) This can be 
written as the differential equation 


du g 
(0+) 
dt Sk 
(a) Use the method of separation of variables to find 
the general solution of this equation. 


(To integrate the function of v, use 
equation (2.4) of Chapter C2 Section 2, 
assuming that v > —g/k.) 


(b) Find the particular solution satisfying the initial 
condition v = Vo when t = 0. 


(c) Taking vp = 20, g = 10 andk = 0.1, show that 
the solution from part (b) gives 


v = 120e°”* — 100 


which is, with v = ds/dt, the equation given in 
Exercise 1.4 (for Chapter C3, in this booklet). 


Section 3 


Exercise 3.1 
Cobalt-60 has a half-life of approximately 5.27 years. 


(a) Find the value of the decay constant k for 
cobalt-60. 


(b) Calculate the proportion of a sample of 
cobalt-60 which will still be present after 8 years. 


(c) How long will it be before the proportion 
remaining is 10% of the original sample? 


Exercise 3.2 


The table below shows data for the radioactive decay 
of a sample of strontium-82 taken at 10-day intervals, 
where mo is the original mass of the sample and m is 
its mass after time t days. 


m/mo 0.76 0.58 0.42 0.33 0.27 0.20 


In(m/mo) 


(a) Complete the third row of this table, giving 
entries to 2 decimal places. 


(b) Plot a graph of In(m/mo) against ¢ for these 
data. Draw ‘by eye’ a line through the origin 
which you think best fits the data points. 


(c) Using your straight line from part (b), estimate 
values for the decay constant k and the half-life 
T for strontium-82. 


d) According to the exponential model, what 
g 
proportion of the sample remains after 90 days? 


Exercise 3.3 


The population size of a country is currently 

8 million, and its proportionate growth rate is 2% 
per year. Assume that the growth of this population 
is described by a (continuous) exponential model. 


(a) Predict what the population size of the country 
will be after 10 years and after 40 years. 


(b) After how long will the population size reach 
80 million? 


(c) What is the doubling time of the population? 


Exercise 3.4 


The table below shows data for the population of 
Bangladesh (in millions, to the nearest million) for 
the years 1950-2000. 


1950 1960 1970 1980 1990 2000 


Population 


(a) By using a log-linear plot for the data in this 
table, show that the exponential model is 
appropriate for the Bangladeshi population for 
the years 1950-2000. Measure time t¢ in years, 
from t = 0 at the 1950 census date. 


(b) Use your plot to estimate values for the 
proportionate growth rate K and the initial 
population size Pp in the exponential model. 


(c) Use this model to predict the population of 
Bangladesh in 2010. 


Exercise 3.5 


The cooling of a hot object surrounded by air may be 
modelled by assuming that the rate of decrease of the 
temperature @ (in °C) of the object at time ¢ (in 
seconds) is proportional to @ — 04, where 9, (in °C) is 
the constant temperature of the surrounding air. 
This model is described mathematically by the 
differential equation 


dé 
where k (in s~‘) is a positive constant. (This model 


is known as Newton’s Law of Cooling.) 


(a) By putting y = 0 — @,, show that equation (1) is 
equivalent to the differential equation 


dy 
— = —ky. 
dt . 

(b) Use result (3.9) of Chapter C3 Section 3 to write 
down the general solution of this differential 
equation for y. Hence, by putting 0 = y + a, 
find the general solution of equation (1). 


(c) Find the corresponding particular solution of 
equation (1) for which @ = 4 when t = 0. 


(d) Now suppose that the temperature of the 
surrounding air is 20°C, the initial temperature 
of the object is 90°C, and the object is found to 
have cooled to 60°C after 5 minutes. 


Find the value of the constant k, and hence 
estimate the temperature of the object after a 
further 5 minutes. 


Solutions for Chapter C1 


Solution 1.1 


We use result (1.1) of Chapter C1 Section 1, that if 
f(x) = ax? +bx+c, then f(x) = 2axr + b. 
(a) Here f(x) = x* — 72, so f'(x) = 22 — 7. 
Hence the gradient at the point (9,18), where 
c= 9,8 7) =18- 7 = 1. 
(b) Here f(x) = 2 —32?, so f’(x) = —6z. 
Hence the gradient at the point (2,—10), where 
2 = 2, is f’(2) = —12. 
(c) Now f(x) = 7x? — 12% — 19, so f'(x) = 14x — 12. 


Hence the gradient at the point (1,24), where 
e=' Tis 7th) = 14 i = 2 


Solution 1.2 

(a) We have f(x) = 2x? —5xr+4+1,s0 f’(x) = 4x —5. 

(b) The gradient at the point (2,—1), where z = 2, 
iss f7(2}--= 3: 

(c) The line must pass through the point (2,—1), 
and its slope must be the gradient of the graph 
at the point (2,—1), that is, f’(2) = 3. Hence, 
from a result in Chapter A2 Section 1, its 
equation is y — (—1) = 3(x — 2), which can be 
rearranged as y = 32 — 7. 

(d) The gradient at the point (z,y) is 
f'(x) = 4a — 5. So the gradient is —9 when 
4x —5 = —9; that is, when x = —1. The 
corresponding value of y is 

y = f(-1) = 2(-1)* —5(-1) +1 
=24+5+4+1=8, 


so the required point is (—1, 8). 


Solution 1.3 


(a) Putting both fractions over the common 
denominator x7(z + h)?, we have 


1 gee 2 een 
(ct+th)? a2 2(2+h)? 22(x2+h)? 
x* —(x+h)? 

x?(x +h)? 
x* — (x? + 2hx + h?) 
x?(x +h)? 
—2hx — h? 
x?(x +h)? 
_  A(2x+h) 
g(a +h)? 
10 


(b) By equation (1.3), and using the result of 
part (a), we consider the quotient 


fer taf) + (4-3) 
-1( sath) 


h\ 2 (x + h)? 
= {a &) 
x?(x +h)?- 
For small values of h, this quotient is close to 
: eee. 
geo og 


Hence f(x) = —2/z°. 


(c) Result (1.4) states that if f(z) = x”, then 
f{'(e) =ng"" Here f(a) = 1/2" = 2 -2,.20- that 


n = —2. The derivative is therefore given by 
f'(x) = (-2)a-°* = — 22%, 
which is often written as f’(x2) = —2/z°, 


in agreement with the result of part (b). 


Solution 1.4 


In each case we apply result (1.4), which states that 
ffines wees 2 =a *. 


(a) Here f(x) = 2'", son =17. The derivative is 
faxyet = lir". 


(b) Here f(x) = 1/z'' = x-1", son = —17. The 
derivative is 


fiesta = lie. 


which is often written as f’(z) = —17/z18. 
(c) Here f(z) = 1/\/e = 1/21/? = 2-1/2, so 
= —3. The derivative is 
fig = 


which is often written as 
1 1 
/ ed —>_ 
ae 
ae 2379 eS 
(d) Here f(x) = 2/a = x°/*, son = 3. The 
derivative is 


f' (x) a 3 7 (3/2)—-1 pine 31/2 sai 3 /z. 


Solution 1.5 


(a) The position function is s = f(t) = 15t — ia 
This is a quadratic function of t, so we apply 
result (1.1) to obtain the velocity function 


v = f(t) = 15 — 108. 


(b) When t = 1, we have v = 15—10= 5, so the 


velocity after 1 second is 5ms~*. 


(c) When v = 0, we have 0 = 15 — 10t, sot = 3, 
Thus the ball has velocity zero after 1.5 seconds. 


(d) From part (c), v= 0 when t = 3. At this time 


2 
s=15(2) -5 (3) =2- @= 2 = 11.25. 


So the height of the ball when its velocity is zero 
is 11.25 metres. 


Solution 2.1 


For each part we use results (1.4) and (2.3) of 
Chapter C1. 


(a) The derivative of the polynomial function 
f(z) = 32) — 22° + 3z is 


f'(x) = 2(102") — 2(6x°) + 3(1) 
= 152° — 122° +3. 


(b) The derivative of the polynomial function 
f(x) = 7+ 4a? — 324+ 2° is 


f'(x) = 4(2x) — 3(4x2°) + 62° 
3 67 = Tor" + 62°: 


Solution 2.2 


(a) The derivative of the function 
f(a) = 42° — §a° + § is 
f'(x) = 4(8x') — 3(62”) 
= 2x’ — 22°. 
The point (2,43) on the graph of y = f(z) 
corresponds to x = 2, for which the gradient is 
f'(2) = 2(2") — 2(2°) 
= 256 — 64 = 192. 


(b) The derivative of the function 
f(x) =2° — 32° — x* —6 is 
f'(x) = 5a* — 3(327) — (22) 
= 5x4 — 9a" — 2c. 


The point (—1,—5) on the graph corresponds to 
xz = —1, for which the gradient is 


f'(-1) = 5(-1)* — 9(-1)" — 2(-1) 
=5§-9+2=-2. 


Solution 2.3 


(a) 
(b) 


(c) 


(d) 


The derivative of the function 
f(x) = 32? 4+ 182415 is f(x) = 62+ 18. 


We have f’(—3) = 6(—3) + 18 = 0. 
For z < —3, we have x + 3 < 0, so 


f'(z) = 6x + 18 = 6(a + 3) is the product of 6 
and a negative number, and so f(x) < 0. 


For x > —3, we have x +3 > 0, so f’(z) is the 
product of 6 and a positive number, and so 
fia = 0. 


By the Increasing/Decreasing Criterion, f is 
increasing on (—3,0o) and decreasing on 
(—oo, —3). 


We have f(0) = 15, and 
f(—3) = 3(—3)? + 18(—3) + 15 = —12. 
Also f(x) = 0 when 3a? + 18x + 15 = 0, or 
3(a7 + 6a +5) = 3(x@ + 1)(a +5) = 0, 
so f(x) =0 when x = —1 orr=—9. 


Using the results from parts (c) and (d), the 
eraph passes through the points (—5,0), 

(—3, —12), (—1,0) and (0,15). It is decreasing 
for x < —3 and increasing for x > —3, so takes 
its least value, —12, at x = —3. A sketch of the 
graph is as follows. 


(3-12) 


(You may like to compare this solution with that to 
Exercise 2.3(a) for Chapter A3 in Exercise Booklet A, 
where you sketched the same graph using a scaling 
and translations, starting from the graph of y = x.) 
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Solution 2.4 


(a) 


(b) 


(c) 


12 


The derivative of the function 
f(x) = 4x? + 6x? — 92 — 1 is 


f'(x) = 1227 +127 -—9 = 3(4x? + 4x — 3) 
= 3(2x — 1)(2z + 3). 


Solving the equation f’(x) = 0, we find that the 


stationary points of f are at « = 5 and 2 = —3. 


To classify the stationary point at x = -3 using 
the First Derivative Test, choose nearby points 
to the left and right of —3, say xy, = —2 and 

tR = 0 (which is closer to —3 than the next 
stationary point, at 5). Then we have 


f'(a_) = 48 —24-—9=15>0, 
f'(tr) = f'(0) = -9 < 0, 
so f has a local maximum at zx = —3. 


To classify the stationary point at z = 5 using 


the First Derivative Test, choose nearby points 
to the left and right of T say ry, = 0 and 
xR = 1. Then we have 


f'(aL) = f’(0) = -9 < 0, 
f'(tr) = f'(1) =124+12-—9=15>0, 


so f has a local minimum at xz = 5: 


The y-coordinates of stationary points on the 
graph of y = f(x) are 
f(-3) = 4(-2) +.6(8) - 9-3) -1 =, 
F(3) = 4(2) + 6(4) — 9(3) -1=-3, 
Also f(0) = —1. Hence the graph passes through 
the points —3, 2), a local maximum, and 
(5, —f), a local minimum. It also passes through 
(0, —1), that is, it cuts the y-axis at y = —1. 
A sketch of the graph is as follows. 


Solution 2.5 


(a) 


(b) 


(c) 


The derivative of the function 
f(x) = x* — 827 +3 is 


f'(z) = 42° — 1éx 
= 4a(x* — 4) 
= 4xr(x + 2)(x — 2). 


Solving the equation f’(x) = 0, we find that the 
stationary points of f are at x = —2, r = 0 and 
a2. 


The second derivative of f is 
f(a) = 1227 — 16. 

For the stationary point at x = —2, we have 
f''(—2) = 12(—2)? — 16 = 32> 0, 


so f has a local minimum at x7 = —2, by the 
Second Derivative Test. 


For the stationary point at x = 0, we have 
f" (0) = -16 <0, 


so f has a local maximum at x = 0, by the 
Second Derivative Test. 


For the stationary point at x = 2, we have 
f° (2) = 1262)" — 16 = 32: > 0, 
so f has a local minimum at x = 2, by the 
Second Derivative Test. 
The y-coordinates of the stationary points on 
the graph of y = f(x) are, respectively, 
f(—2) = (—2)* — 8(—2)? + 3 = -18, 
f(O)=3, FQ@m2?—0G/ 3-13. 


Hence the graph passes through the points 
(—2, —13), a local minimum, (0,3), a local 
maximum, and (2, —13), a local minimum. 
A sketch of the graph is as follows. 


Solution 2.6 


(a) We follow the steps of the Optimisation 
Procedure. 


Step 1: The derivative of the function 
g) = 2? — 2a? +1274+2 is 
f(z) : 
f'(x) = 3x? — 15@ 4+ 12 
= 3(x? — 5x + 4) 
= 3(x — 1)(a — 4). 


Solving the equation f’(x) = 0, we find that the 


stationary points of f are at x = 1 and x = 4. 


Step 2: At the endpoints of the interval 
I = [0,6], the function values are 

f(0)} = 2 -and 

f(6) = 216 — 270+ 724+ 2 = 20, 


while at the stationary points (which are both 
inside J) the function values are 


SA 15 ee 
fi) =1-#84+1242= %, 
f(4) =64-— 1204+ 484+ 2=—6. 


Step 3: The greatest value of f(x) on [0,6] is 20 


(at x = 6) and the least value is —6 (at x = 4). 


(b) We again follow the steps of the Optimisation 
Procedure, but Step 1 has already been 
completed in part (a). 


Step 2: At the endpoints of the interval 
I = [1,3], the function values are 


ae 15 aa 37 
f(-1) =-1- 8 -1242=-4%, 


Jan 135 oe 3) 
f(3) = 27 — #38 +3642 =-3. 


The only stationary point inside J is at x = 1, 
and f(1) = = as in part (a). 

Step 3: The greatest value of f(x) on [—1, 3] is 
* (at x = 1) and the least value is —3! (at 


2 
xg =-1). 


Solution 3.1 


(a) Evaluating the ratio (e~” — 1)/h for each of 
h = 0.1, 0.001, 0.000 01 in turn gives the 
respective answers (to 6d.p.) —0.951 626, 
—0.999 500, —0.999 995. The limiting value as 
h — 0 appears to be —1. 


(6) If f(x) =e", en 


fe+h) sie (eis oe 
h és h 


e Ze —h =e 
= ——________-_ (by a law of indices) 


On taking the limit as h — 0, using 
definition (1.3), 


(4 f : > As)) 


f'() = lim 


=e; lim ES 
-_ h—0 h 


— —e * (using the result of part (a)). 


Solution 3.2 


In each case, we apply the Sum and Constant 
Multiple Rules in combination. 


(a) Since p(x) = 22° — 7,/z = 22° — 7x'/?, the 
derivative is 


(b) The derivative of q(x) = 3cosz —2sinz+ 5 is 


q(x) = —3sin x — 2cosz. 
(c) The derivative of r(x) = 4e” — 5Inz + 3a — 2/ x” 
is (since —2/r2? = —22~7) 


9) 4 
r(x) = 4e — es 


Solution 3.3 


(a) The first and second derivatives of 
z = 2e¥ — 3cosy with respect to y are 
d d? 
= = 2e4 + 3siny, oe = 2e4 + 3cos y. 
(b) The derivative of w = 3/u—2Inu+4 with 
respect to wu is 


dw = 3 2 
du uz wu’ 
so that 
dw ey, ee, eee es 
a 4 4 


(c) The derivative of g(t) = cost — 5sint is 
g (t) = —sint — 5cost. 


(d) The first and second derivatives of 
s = 3t? — 7t +4 with respect to ¢ are 


i= 7. eet 


(e) The derivative of 3r* with respect to r is 


d 
5. (3ar* = Ger. 


Solution 4.1 
(a) The derivative of p(x) = 3x7e* is 
p(x) = (6x)(e*) + (3x) (e*) 
= 32(2+ a)e”. 
(b) The derivative of f(x) = (x +1/z) cos z, that is, 
of f(z) = (x + x~*) cosa, is 


f'(z) = (1-27 7)(cosz) + (2 + x~1)(—sinz) 


(1- Zp)eosr- (245) s 
—o i= = cosx— |{x+-— ]sinz. 
= x 


(c) The derivative of g(t) = e’(sint + cost) is 
g(t) = (e*)(sint + cost) + (e')(cost + (—sint)) 
= e'(sint + cost + cost — sint) 


= 2e' cost. 


(d) The derivative of h(u) = (3 — 2u+ u?) Inu is 
1 
h'(u) = (—2 + 2u)(Inu) + (3 — 2u+ u’)— 


3 
= (2u—2)Inu+ ~ —2 +a. 


Solution 4.2 


(a) We have y = uv, where u= 2 and v = Inz — 1, 
SO 


dy _ du dv 


de dz dz 
eT a ee (=) 


=mnzr-1+1 
== Ing. 
(b) We have r = uv, where u = 2V/t = 2t!/? and 
v = cost, so 
ar du 4 wet 
aq dt dt 
(2 x d¢-1/?) (cost) + (2¢!/2)(— sin t) 


cost 
= —— — 2v/t sin t. 


vt 


Solution 4.3 
(a) The derivative of p(x) = (x? — 1)/(x? + 1) is 
1.) —_ (€° +1)(2x) — (2? — 1)(22) 

eee as 

_ 2a° + 2x — 2x3 + 2x 

ees, es) ee 

= Ax 

- wae 
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(b) The derivative of f(t) = cost/sint is 
(sint)(— sin t) — (cost)(cos t) 


/ 
t)= 
F(t) (sin t)? 
— sin? t — cos? t 
ae sin’ t 
= 1 
gin? ¢ 


(using the result cos*t +sin?t = 1). 


(Since cost/sint = cott and 1/sint = cosect, 
this shows that the derivative of cot t 
is — cosec? t.) 


(c) The derivative of z(y) = 2sin y/(y? — 4y + 3) is 
(y? — 4y + 3)(2cosy) — (2sin y)(2y — 4) 


/ 
z = 
x (y? = 4y + 3p 
_ Ay? — 4y + 3) cosy — 4(y — 2)siny 
= (y? — 4y + 3)? 3 


Solution 4.4 


(a) We have y = u/v, where u = Inz and v = e*, so 


eo ee 
dx vv? dx dx 


(b) We have s = u/v, where u = 3e! + 1 and 
ust — Loko 


ds 1 du dv 
dt v2 (°F , i) 

rs ea ((t? — 1)(3e") — (3et + 1)(21)) 
_ 3e*(t? — 2t — 1) — 2t 
a 


Solution 4.5 
(a) The derivative of p(x) = In(sin z) is 
1 COS x 
) (cos x) = —— =cotz. 
x sin x 
Expanded version: Here 


p(x) = In(sinz) = g(f(x)), where 
u = f(x) =sinz and g(u) = Inu. 


Now f'(x) =cosz and g’(u) = 1/u, so we have 


p(x) = 9'(f(2)) f(z) 
= g'(u)f'(x) (where u = f(x) = sinz) 


= (=) ee 


1 
= -——cosz (since u=sinz) 
sin x 


= cot x. 
(b) The derivative of h(t) = cos(¢*) is 
h(t) = (—sin(¢4))(4¢°) 
= —4t? sin(t*). 
Expanded version: Here h(t) = cos(t*) = g(f(t)), 
where u = f(t) = t* and g(u) = cosu. Now 
f'(t) = 40? and g’(u) = —sinu, so we have 
h'(t) = 9 (F(t) F(t) 
=g'(u)f'(t) (where u = f(t) =¢") 
= (—sin u)(4t*) 
= —sin(t*)(4t?) (since u = t*) 
= —4t? sin(t*). 


(c) The derivative of f(x) = cos* x = (cos z)* is 
f'(x) = 4(cos x)°(— sin 2) 
= —Acos* zsin 2. 
Expanded version: Here 
f(x) = cos* x = (cosx)* = q(p(x)), where 
u = p(x) = cosz and q(u) = u*. Now 
p(x) = —sinz and q'(u) = 4u’, so we have 
f'(x) = q'(p(x))p'(2) 
= q'(u)p'(x) (where u = p(x) = cos 2) 
= (4u)(— sin x) 
= —Acos*xsinz (since u=cos2z). 
(d) The derivative of k(t) = (t? — 3t+ 1)’ is 
k(t) = 15(t? — 3t + 1)**(2t — 3). 
Expanded version: Here k(t) = g(f(t)), where 
u= f(t) =t? — 3t4+1 and g(u) = u'’. Now 
f'(t) = 2t — 3 and g’(u) = 15u™, so we have 
R(t) =9'(FO))F (CH) 
= g'(u)f'(t) (where u= f(t) =? — 3t+1) 
= (15u**)(2¢ — 3) 
= 15(t? — 3t + 1)4(2t — 3) 
(since u = t? — 3t + 1). 


Solution 4.6 

(a) Here y = V32? +22 +1 =/u=u'/?, where 
u = 327 + 2x + 1, so we have 

eo 4 is tS 

2j/u’ dz 


eee oe ae 


and 
dy dydu 1 
“= —— = | — = ] (6 2 
dz. dudz (sz) use 
1 
= ——___—— (67 + 2 
2/3x7 + 2x + i! ) 
= 3z+1 
J/3x2 +224 +1 
(b) Here w = e-" =e", where u = —r?. Hence 
dw - du 
os e“ and ae —2r, 
so that : 
dw dw du 2 
ee ee ee = fe" )(—2r) = —2re* . 
dr du dr aha = 


Solution 4.7 
(a) Using the Product Rule, where 
f(x) = e®* sin(2z), we have 
f'(a) = (3e°*)(sin(2x)) + (e°*)(2cos(22)) 
= e°* (3 sin(2x) + 2cos(2z)). 
(b) Using the Quotient Rule, where 
g(t) = 3t?/ In(4t), we have 
(In(4t))(6t) — (3¢*)(1/t) 
(In(4t) )? 
_ 6tIn(4t) — 3t 
(infty? 


g(t) = 


(c) Using the Composite Rule, where 
h(x) = cos*(4a) = (cos(4x))*, we have 
h'(x) = 3(cos(4zx))*(—4sin(4z)) 
= —12cos*(4z) sin(4z). 
(d) Using the Leibniz form of the Product Rule, 
where y = (x? + 2x — 1) cos(5x), we have 
d 


= = (327 + 2) cos(5xz) + (x° + 2x — 1)(—5sin(5z)) 


= (3x? + 2) cos(5zx) — 5(x* + 2x — 1)sin(5z). 


(e) Using the Leibniz form of the Quotient Rule, 
where y = e 2”/x?, we have 


dy 1 2 —2x —2x 
a ee (x?(—2e~**) — e~**(2z)) 
o gaa" — 22) 
SS _ Se 
2e-**(x + 1) 
a 


(f) Using the Chain Rule (the Leibniz form of the 
Composite Rule), where z = sin(e*’), we have 


dz dzdu 3t) 


(where z = sinu and u=e 


dt du dt 
= (cos u)(3e*") 


= cos(e*)(3e3*) = 3e** cos(e*’). 
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Solutions for Chapter C2 


Solution 1.1 


In each solution, c is an arbitrary constant. 


(\) [ (2° —3+ © ) de = po! —3r+5lnr+c 


(b) [sin (Su) du = —10cos (fu) +c 


a) / (cos(2nt) + sin(2nt)) dt 
me in(27t) : cos(27t) + ¢ 
i. 20 
(e) we — 73/2 r. 5) dz = 8 _7/? _ 2 9/2 +szr+c 


0 [Gode8) a= f Gearte) a 


= nt — oe = or 
$639 
Been maar mck 


(g) / (7e¥/3 — 2e-¥/3) dy = 21€4/3 + 6e-¥/3 + ¢ 


Solution 2.1 


In each solution, c is an arbitrary constant. 


ee | FF ah 


ee / Ge — 1-5/7) dt 


cor hol te 24—3/2 
= 24/2 4 2473/2 4 


(b) | ogo de = | e*e-¥ dx 


— e 1/2 x det/2 4 © 


eee 
(c) [C= Sieaeees a “td 
igo. —Z+C 
(d) [SAMOA eae f ERE an 


= | (u-5+$) du 


= sue —5u+6lnu+ec 
(e) / (622 — ¢-*\(e* +5) de 
= fe + 5e** — 1 —5e*) dz 


= teoe ~ 3 et —x+5e *+ec 
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1 2 
=f (erred. 2)a 
ee 
2 1 a 
=[(e +27 —-—-—2@¢ ) ae 
xr 


a ta° +a7—-Inz+2r7'+e 


Solution 2.2 


(a) Using the formula sin(26) = 2sin@cos@ with 
0 = x, we have 
sin x cos z = $ sin(2z), 


so that 


[so xcosxdxr = 7 + sin(2x)dx 
= —icos(2z) +c, 
where c is an arbitrary constant. 


(b) We have 
[ine + 1)(cos x — 2)dxr 


= [ (cine cos. —2sinz+cosz — 2)dx 


= —}cos(2x) + 2cosx +sinz — 2x +¢, 


where c is an arbitrary constant. 


Solution 2.3 


(a) In the integrand xr*(x° + 3)°, the factor x? is, 
except for a constant multiple, the derivative of 
z° + 3. Hence we can apply equation (2.3) with 
f(x) = 2° +3 and n=3. Since f’(x) = 52+, we 
write z* = +(52*) before applying the formula. 
Thus we have 


[ate + 3)°dx = + ihe + 3)°(52*) dx 
= 2x ¢(2°+3)* +e 
z Lia? es 3)" + C, 
where c is an arbitrary constant. 


(b) The integrand is 7t/(t* + 4). Here the 
numerator 7t is, except for a constant multiple, 
the derivative of the denominator t? + 4. Also 
t? +4 > 0 for all t, so we can apply 
equation (2.4) with f(t) =t? + 4. Since 
f'(t) = 2t, we write 7t = £(2t) before applying 
the formula. Thus we have 


7t — oe ae 


where c is an arbitrary constant. 


(c) The factor cos z in the integrand is the derivative 
of sin z, so we can apply equation (2.3) with 
f(x) =sinz and n= 1. Thus we have 


[ sine cos.2de oe isin’ x +c, 


where c is an arbitrary constant. 


Alternatively, since sin x is, except for a constant 
multiple, the derivative of cos x, we can apply 
equation (2.3) with f(z) = cosz and n= 1. 


Since f’(x) = —sinz, we write sin x as 
—(—sin x) before applying the formula. Thus we 
have 


[ sinecos.2 de = = | cos(— sin) de 


= —icos*a+e, 


where c is an arbitrary constant. 


(You might like to show, by using trigonometric 
formulas given in Chapter C2 Section 2, that the 
two apparently different answers obtained here, 
and the answer found in Exercise 2.2(a), are all 
correct expressions for this indefinite integral.) 


(d) The factor e“ + e~“ in the integrand is the 
derivative of e“ — e~“, so we can apply 
equation (2.3) with f(u) =e” —e-“ and n = 5. 
Thus we have 


et — e~ "P(e" +e") du = 1(e* —e “)® +6, 
6 


where c is an arbitrary constant. 


(ec) The integrand is (3t + 1)/(3t? + 2t+1). Here 
the numerator 3t + 1 is, except for a constant 
multiple, the derivative of the denominator 
3t? + 2t+1. Also 3t? + 2t+1 > 0 for all t, so 
we can apply equation (2.4) with 
f(t) = 3t? + 2t+1. Since f’(t) = 6t + 2, we 
write 3t+1= 5 (6t + 2) before applying the 
formula. Thus we have 

6¢-+ 2 


3t+1 
—_______qdt=i | _.———_dt 
lmso Voss 


= 4 In(3t? + 2t+ 1) +¢, 
where c is an arbitrary constant. 


(f) The factor cos x in the integrand is the derivative 
of sin x, so we can apply equation (2.3) with 
f(z) =sinz and n = 4. Thus we have 


[ six' 200s 2dr = isin? x +¢, 


where c is an arbitrary constant. 


(g) The numerator e~** of the integrand is, except 
for a constant multiple, the derivative of the 
denominator 3e~7¢ + 2. Also 3e~*’ + 2 > 0 for 
all t, so we can apply equation (2.4) with 
f(t) = 3e—7* + 2. Since f(t) = —6e~**, we write 
e~*t = —i(—6e~**) before applying the formula. 


Thus we have 


/ Gia Lussdypiiain a / Caine 
a ae ee eee oe ee oe 


= —4In(3e** + 2) +¢, 
where c is an arbitrary constant. 


(h) The factor x? + 1 in the integrand is, except for 
a constant multiple, the derivative of 
x? + 32 + 2, so we can apply equation (2.3) with 
f(x) = 2? +32 +2 and n= §. Since 
f'(x) = 3a? + 3, we write x? + 1 = 5(3x? + 3) 
before applying the formula. Thus we have 


[ V8 +3042 (2? +1) dx 


a 1 [Ge + 3a + 2)'/?(3a? + 3) dx 
= 2 (23 + 32 +2)9/? +6, 


where c is an arbitrary constant. 


Solution 2.4 


(a) Since y = cotz = cosz/sin x, the Quotient Rule 
gives 


ns ae sin ip Oe x) — cos a See x) 
dx sin?z dx dx 


= cosec” x (sin x(— sin x) — cos x(cos x)) 


— cosec? x (sin* z+ cos? x) 
— —cosec? x. 


(b) It follows from part (a) that 


/ cosec” «dz = — / (— cosec? x) dx 
= = Gots: -+:¢, 


where c is an arbitrary constant. 


(c) It follows from the formula cosec” x = 1 + cot? x 
that cot? x = cosec? x — 1. Using the result of 
part (b), we have 


[ cot? ede = [ (cosec? « —1)dz 
=+-cotLr +2 +C, 


where c is an arbitrary constant. 


(d) Using the result of part (a), cosec? x is, except 


for a constant multiple, the derivative of cot z. 
Hence we apply equation (2.3) with f(x) = cotz 
and n = 2. Since f’(x) = — cosec? x, we write 
cosec? x = —(— cosec? x) before applying the 
formula. Thus we have 


/ cot” x cosec” «dz = — if cot? x(—cosec” x) dx 
= —% cot? x + e, 


where c is an arbitrary constant. 
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Solution 2.5 


(a) Starting from the given right-hand side, we have 


5 _ a(2*-1)+2 
x? — 1 x? — 1 
ee—ax+en 
x? —1 


7 


x22 —1- 


Hence we can write 


dx. 


| 
N|e 
8 
iw) 
oo 
8 
iS) 
| 8 
bi 


The remaining integral can be found by applying 
equation (2.4) with f(z) = x? — 1, noting that 
z* —1>0 for x > 1. Since f’(x) = 22, we write 
r= + (22) before applying the formula. Thus we 
have 


x 2 2x 
fane-t/an* 


= i In(x* —1)+¢, 


where c is an arbitrary constant. It follows that 
x* ee 2 


(b) On multiplying the top and bottom of the 
fraction in the integrand by e”’, we have 


1 et 
tts Chae pe 
| ses hes 


On the right-hand side, the numerator of the 
integrand is, except for a constant multiple, the 
derivative of the denominator. Also 7e7/ + 1 > 0 
for all t, so we can apply equation (2.4) with 
f(t) = 7e7* +1. Since f’(t) = 14e?*, we write 
e*t = 4 (14e”*) before applying the formula. 
Thus we have 


1 14e** 
iia 7 
las Lf a 
= 4 In(7e* +1) +¢, 


where c is an arbitrary constant. 


Solution 2.6 
(a) We have 


22 —22 
[ae = b [ (er ee) da 


Je 


where c is an arbitrary constant. 
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(b) The integrand is cot 6 = cos@/sin@. Here the 
numerator cos @ is the derivative of the 
denominator. Also sin @ > 0 for 0 < 8 < m, so we 
can apply equation (2.4) with f(@) = sin@. Thus 
we have 


[covoao = [ SF ap 
sin 0 


= In(sin 0) + c, 


where c is an arbitrary constant. 


(c) The integrand is /2 —t = (2 — t)'/?, which is of 
the form (f(t))!/*, where f(t) = 2—t and 
f'(t) = —1 is a constant. Hence we can apply 


equation (2.3) with f(t) = 2-—t and n= 5, after 


adjusting for the factor —1. Thus we have 
[ve he - fe ~ ¢)*/2(-1) at 


= —2(2 er igh +, 
where c is an arbitrary constant. 


(d) The factor sec? x in the integrand is the 
derivative of tan x, so we can apply 
equation (2.3) with f(x) = tanz and n = 2. 
Thus we have 


[ se ztan’* xdz = + tan® xr+ec, 


where c is an arbitrary constant. 


(e) We have 


sec* t= sec? L sec? 4 0 


= sec’ z(1 + tan? z) 
= sec? x+ sec? SH tan? Se 


Hence, using the result of part (d), we have 
[ sec! nekn oe [ec a + sec? x tan? x) dx 


= tan z + i tan*r+e, 
where c is an arbitrary constant. 


(f) Multiplying the top and bottom of the fraction 
in the integrand by t¢ gives 


1 
{inet 
+47 t2+41 


On the right-hand side, the numerator is, except 
for a constant multiple, the derivative of the 
denominator. Also t? + 1 > 0 for all t, so we can 
apply equation (2.4) with f(t) =t? +1. Since 
f'(t) = 2t, we write t = $(2t) before applying 
the formula. This gives 


1 2t 
—— ew ee fe 
rS& laa 


= iIn(t? +1)+¢, 


where c is an arbitrary constant. 


Solution 3.1 


(a) 


(b) 


(c) 


(d) 


Choose the s-axis to point up the slope, with 

s = 0 at the bottom of the hill, and set t = 0 at 
the moment when the car starts to climb. Then, 
using equation (3.6) of Chapter C2 Section 3, we 
have 


y* — 2as = v4 — 2aso, 
where a = —1, vo = 20 and so = 0. 
Thus, when v = 0, we obtain 
—2(—1)s = 400; 


that is, ..s = 200. 


Hence the car would come to rest after 
200 metres. 


Using equation (3.6) again, with s = 150, we 
have 


v? +2 x 150 = 400, 


so that v2 = 100 or v = 10. Hence the velocity of 
the car at the top of the hill is 10ms~". 


Now we choose an s-axis to point down the 
slope, with s = 0 at the top of the hill and t = 0 
at the moment when the car starts to descend. 
Then, using equation (3.6) again, we have 

y* — 2as = vg — 2as0, 
where a = 0.5, vp = 10 and so = 0. 
This gives v? — s = 100, and so v = 20 where 

s = 400 — 100 = 300. 
Hence the velocity of the car reaches 20 ms 
again at 300 metres down the slope. 


To find the times for the ascent and descent, it is 
easiest to use equation (3.1) of Chapter C2 
Section 3, 


v=vo + at. 


For the ascent, we have vp = 20, a = —1, and at 
the top of the hill v = 10, giving 

10=20-—t; thatis, ¢=10. 
Hence the ascent takes 10 seconds. 


For the descent, we have vp = 10, v = 20 and 
a = 0.5, giving 


20 =10+0.5t; thatis, t= 20. 
Hence the descent takes 20 seconds. 


The total time taken is therefore 30 seconds. 


Solution 3.2 


(a) 


(c) 


(d) 


We have a = duv/dt = —2.5cos(5t), so that 


a / (—2.5 cos(5t)) dt 
= —isin(5t) +c, 


where c is an arbitrary constant. Since v = 0 
when t = 0, we have 


O0=O0O+c; thatis, c=0. 


Hence the velocity is given by 
vy = —5sin(5t). 
We have v = ds/dt = —}sin(5t), so that 


Ss [Ga sin(5t)) dt 
= + cos(5t) + ¢, 


where c is an arbitrary constant. Since s = 0.5 
when t = 0, we have 


0.5=01+c; thatis, c=0.4. 


Hence the position of the particle below the 
ceiling is given by 


s = 0.1 cos(5t) + 0.4. 


The highest point reached by the particle 
corresponds to the smallest value of s. Since 
cos(5t) takes values between —1 and 1, the 
smallest value of s is given by 


s = —0.14+0.4=0.3, 


and this occurs for the first time when 5t = 7; 
that is, when t = a ~ 0.6. Hence the highest 
point reached is 0.3 metres below the ceiling, 
and this occurs first at about 0.6 seconds after 
the particle is released. 


The maximum speed |v| occurs when 

| sin(5t)| = 1, and is therefore 5 = 0.5. Now 

| sin(5t)| = 1 when cos(5t) = 0, which gives 

s = 0.4. Hence the maximum speed of 0.5ms~ 
occurs where the particle is 0.4 metres below the 
ceiling. 


1 


ee 


Solution 4.1 
(a) An integral of 3a1/? is 2273/2, so we have 
[ 3/z dx = [29] = 2(8—1) = 14. 
1 


(b) 5 an integral of x? — 32 +5/z is 
zx° — 377 + 51ng, so 


3” 
2 
ft — 3r4+ > ) de 
1 


at se" — Sx 24 5Ina], 
5 —-6+5m2-(i-—32+45In1) 


~43 4 5In2 ~ 1.299. 


(c) An integral of e*’ is $e’, so 


1 
2t 1_2t71 
[« dt = ie = 
= $(e? —e”) ~ 3.627. 


(d) Using equation (2.4) of Chapter C2 Section 2, 
with f(x) = 3x? + 1, so that f’(x) = 62, an 
integral of x/(3x* + 1) is 4 In(3x? + 1). Hence 


2 
x 

oe ee 

ea . 


=;m13-il1 
= ;ln13 ~ 0.427. 


[d In(3e? + 1)]- 


(e) An integral of cos(x/3) is 3sin(x/3), so 


[eo (5) ae = [asin (§)] 


3 sin(7) — 3sin0 


—— 
a es 


Solution 4.2 


(a) The function f(x) = 1+ 2? is positive for all z, 
so the integral 


[io + x*) da 


represents the area under the graph of 1 + x? 
from —1 to 1. 


(b) The function f(x) = sin x takes negative values 
for —1/2 <x <0. Thus the integral 


n/2 
/ sin x dx 
—n/2 


does not represent an area. 


(c) The function f(x) = 3 — x takes negative values 
for x > 3. Thus the integral 


[e-2a 


does not represent an area. 
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(d) The function f(x) = e~?* 
the integral 


1 
/ e 27 dr 
— 


represents the area under the graph of e~ 2” from 
—~I to 1. 


is positive for all x, so 


Solution 4.3 

(a) For0<t< 2, we havet > 0,t-—2<0Oand 
t~4< —2 <@, Hence f(t) = t{(t — 2)(t — 4) is 
the product of one positive factor and two 
negative ones, so f(t) > 0. 


It follows that the area required is 


[ue — 2)(t — 4) dt = fe — 6t? + 8t) dt 


api 3 21? 

= [7t* — 26° + 407], 

=4—-16+16-0=4. 
(b) For 0 <x < $7, we have sinx > 0 and cosz > 0, 


and so also sinxcosx > 0. Hence the area 
required is 


n/2 
/ sin x cos x dz. 
0 


From the solution to Exercise 2.2(a), an integral 
of sin x cos x is —4 cos(2z), so 


nm /2 
[ sinxzcosxdzr = |-4 cos(2z)] = 
0 


his te 1 sn 
= —zcosa7+ 4 cos0 = 5 - 


Alternatively, using the first solution to 
Exercise 2.3(c), we have 


nfo /2 
° e vie 
/ sin x cosxdzx = E sin? z\, 
0 


1 


5 sin?($m) — d sin? 0 = 


= 5 S51 3 


i 
2 2° 


(c) (i) Using the Product Rule, the derivative of 
(x+1)e~ is 
d ar ot 
at +1)e"* + (a+ 1) (e ) 
=e 12 + 1-2) 
= (1-—2-1)e"* = —ze™*, 
as required. 


(ii) From the result of part (i), an integral of 
ge” ig —(e + Le“. Also ze™* > 0 for x > 0, 
so the area required is 


2 
i ve *dx = |—(x + tje*] 
0 
= —3e~* — (—1e°) 
1 — 3e7? ~ 0.594. 


Solutions for Chapter C3 


Solution 1.1 


(a) The differential equation is dy/dx = a*. The 
derivative of the given function, y = zx” + 1, is 


d 
= (t2° +1) = (52%) = z*, 


which is the same expression as the right-hand 
side of the differential equation, as required. 


(b) The differential equation is dy/dx = 2sin x cos z. 


In order to differentiate the given function, 
y = sin? x, we apply the Composite (Chain) 
Rule. The function can be written as y = u’, 


where u = sin, for which 


dy du 
oes 2u and aie COS Z. 
Hence we have 
dy dy du _ 
2 ae (2u)(cos x) 
= 2 sin 2 casz, 


which is the same expression as the right-hand 
side of the differential equation, as required. 


(c) The differential equation is dy/dx = 3y — 3a + 1. 


Differentiating the given function, y = 5e°" + 2, 


we have 

d 

oY ote 
dx 


Now we substitute y = 5e°” + x into the 

right-hand side of the differential equation, to 

obtain 

3y — 3a +1=3(5e°* + x) — 3441 
= 15e°7 +1. 
This is the same expression as was obtained 
above for the derivative, as required. 
(d) The differential equation is dy/dx = —2xry. We 

2 


differentiate the given function y= e™* using 
the Composite (Chain) Rule. The function can 


be written as y = e“, where u = —z*, for which 
dy = du 
—-=¢ and — =a 
du dx 

Hence we have 


dy dy du = 
dx du oo ) ae) 


aia ae 
— —2re ” 


Substituting y = e-* into the right-hand side of 


the differential equation, we obtain 
2 
x 


—giy = —2rEe " 


which is the same expression as was obtained 
above for the derivative, as required. 


(e) 


(f) 


The differential equation is dy/dx = 1+ y*. The 
derivative of the given function, y = tan z, 1s 


d 

—(tan x) = sec” x. 

qz tan) 
Now we substitute y = tan x into the right-hand 
side of the differential equation, to obtain 


l+y? =1+ tan’ x =sec’ a, 


which is the same expression as was obtained 
above for the derivative, as required. 


The differential equation is dy/dx = (x + y)/@. 
In order to differentiate the given function, 

y = «lnz, we apply the Product Rule. The 
function can be written as y = uv, where u = x 
and v = Inz, for which 


du, es | 

ie =] -and de = af 
Hence we have 

dy _ du, dv 

dx dz dx 

1 
= (1)(Inz) + (2) (=) =1+Inz. 

Now we substitute y = z1n z into the right-hand 


side of the differential equation, to obtain 


IL 


which is the same expression as was obtained 
above for the derivative, as required. 


Solution 1.2 


In each case, c is an arbitrary constant. 


(a) 


(b) 


(c) 


(d) 


The general solution of dy/dx = x* — 3x + 1 is 


The general solution of 
dy/dx = sin(2x) + cos(2z) is 


y= [(inc22) + cos(2x)) dx 
= —4 cos(2x) + §sin(2zx) +c. 


The general solution of du/dt = e~** is 


v= [tae = —ie*! + ¢, 


The general solution of dy/dx = x° — 1/4 +3,/z 
is 


[ (#-5 +3") dx 
x 


aa tx —Inz+3 (32°/?) +c 


= 1y* Ing + 2rV/a +c. 


21 


_ ea 


Solution 1.3 


(a) 


(b) 


(d) 


y 4 


The general solution of dy/dx = 2 — 3sin(4z) is 


y= [e — 3sin(4z)) dx 
= 2x + $cos(4z) + ¢, 


where c is an arbitrary constant. Using the 
initial condition, y = fi when x = 0, we have 


= 3 


Hence c = —$, and the solution of the 


initial-value problem is 
y = 2x + $cos(4ax) — $. 


The general solution of du/dt = 1/\/t — 1/t, for 
i> 0,45 


(or) 


= 2t1/? —Int+c, 


where c is an arbitrary constant. Using the 
initial condition, uw = 3 when t = 1, we have 


3=2-O0-c. 


Hence c = 1, and the solution of the initial-value 
problem is 


u=2Vt—Int+1. 


The general solution of dv/dr = 4rr? is 


= [am dr 


a Sat 
= str Es, 


where c is an arbitrary constant. Using the 
initial condition, v = 0 when r = 0, we have 
0O=0+¢c. 


Hence c = 0, and the solution of the initial-value 
problem is 


ee 
v= 35Tr. 


The general solution of ds/dt = cos ($t) is 


$= [ (5t) dt 
== 2 Sift (St) ><, 


where c is an arbitrary constant. Using the 
initial condition, s = 0 when t = 7, we have 


G= 2+. 


Hence c = —2, and the solution of the 
initial-value problem is 


s = 2sin(5t) — 2. 


(e) 


The general solution of dy/dt = e* + e?* is 


y = KG + e**) dt 
=e + sen -<, 
where c is an arbitrary constant. Using the 
initial condition, y = 2 when t = 0, we have 
2=1+i+e. 


Hence c = 5 and the solution of the initial-value 
problem is 


SS es 
St Fe as 


Solution 1.4 


(a) 


(b) 


The general solution of ds/dt = 120e~°-!* — 100 
is 


zs / (120e~°-** — 100) at 


= —1200e"** — 1008 +c, 
where c is an arbitrary constant. 


Using the initial condition, s = 0 when t = 0, we 
have 


0 = —1200+c. 
Hence c = 1200, and the height of the ball at 
time ¢ is given by 
s = —1200e°-"* — 100¢ + 1200; 
that is, 
s = 1200(1 — e~***) — 100¢. 
Now ds/dt = 0 when 120e~°-!* — 100 = 0. Hence 


oD se 
- ie. 62 


from which we obtain 

—0.1¢ = In (2) = -—In (2) 
that is, 

t = 10In(£). 


The ball reaches its maximum height when its 
velocity ds/dt is zero, and as just shown, this 
occurs at time t = 10In(¢). From part (b), the 
corresponding height is 


s = 1200(1 — 2) — 100 x 10In(£) 
= 200 — 1000 In(£) ~ 17.68. 


Hence the maximum height reached is 
17.68 metres (to the nearest cm). 


Solution 2.1 


(a) 


(b) 


The given equation is of the form H(y) = F(z), 
with H(y) = cosy and F(x) = z. It follows from 
result (2.3) of Chapter C3 Section 2 that 


d dy d 
og = ag) 
which leads to 


— siny = 4, 
r 


Dividing through by — sin y (for 0 < y < 7) gives 
dy _ 1 
dz 

Using the identity sin’ y + cos? y = 1, we have 


sin y = +\/1— cos? y 


—+/1— 2”. 


sin y 


But sin y > 0 for 0 < y < 7, and hence 


siny = V1 —2?, 


giving 
dy i 
— = —-_———__ (0< y< 7), 


as required. 


Using the definition of arccos from Chapter A3 
Section 4, the equation cosy = x for0< y< 71s 
equivalent to 


ys erccosg, . where —1 <2 <1 


Hence, from part (a), we have 
1 


as (1. = @ < 1). 
oom 5 


d 
Gq barecos r)=— 


Solution 2.2 


(a) 


The given equation is of the form H(y) = F(z), 
with H(y) =y+e¥ and F(x) = 2x — e* + 2. It 
follows from result (2.3) of Chapter C3 Section 2 
that 


Fy tere = Fr -e* +2), 
which leads to 
d 
(1 +e¥)— a2. 
Dividing through by 1+ e¥ gives 
dy 2 pas 
dx 1+e¥’ 


as required. 


(b) At (0,0), the slope of the solution curve is 


ee a eee 


<a Se 


Solution 2.3 


(a) 


(b) 


(c) 


Comparing with result (2.4) of Chapter C3 
Section 2, we have h(y) = 1/(2y) and 

f(a) = —3x?. Hence the general solution of this 
differential equation is given by 


1 = 9 
[aa fC 3a*) dz; 


that is, by sIny = —7? +c, where c is an 
arbitrary constant. 


The explicit form of the general solution is 
obtained by making y the subject of the 
equation. In this case, we multiply by 2 and 
then take the exponential of both sides of the 
equation, which gives 


y= e(—2x°+2c) or y= Ae~22”, 


where A = e”° is a positive, but otherwise 
arbitrary, constant. 


Using the initial condition, y = 4 when zx = 0, 
we have 4 = A, so the required particular 
3 


solution is y = 4e~ 7” . 


Solution 2.4 


(a) 


The differential equation dy/dx = 2xy” has a 
right-hand side of the form f(x)g(y), where 
f(x) = 2x and g(y) = y’. Dividing both sides of 
the differential equation by g(y) gives 


From this we obtain, using result (2.4) of 
Chapter C3 Section 2, 


1 
[aa= [rae 


On integrating, we find that 
1 
—-=g'*+4 c, 


where c is an arbitrary constant. 


This implicit form of the general solution can be 
manipulated to make y the subject, giving the 
explicit form 
1 
ge te 
The initial condition is y = 1 when xz = 0. 
Putting x = 0 and y = 1 into the general 


y= 


solution, we have 1 = —1/c. Hence c = —1, and 
the solution of the initial-value problem is 
1 Z 1 
= — —_— ar =— ———_,, 
. x2 —1 Y clea? 


(Since we were given y > 0, we must have 
—1 <x <1 for this solution to be valid.) 
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In the remaining parts of this solution, we use the 
shortcut described in the text before Activity 2.4 of 
Chapter C3 Section 2. 


(b) The differential equation dx/dt = 2(a — 2)/t has 


24 


a right-hand side of the form f(t)g(x), where 
f(t) = 2/t and g(x) = x — 2. Separating the 
variables in the differential equation, we obtain 


1 
/ da = [>a 
xr —2 t 


For the left-hand side, we use equation (2.4) of 
Chapter C2 Section 2. Since g(x) = x -2>0, 
and g’(x) = 1, this gives 


1 
/ dx = In(x — 2) + constant. 
ZZ 
Hence, on carrying out both of the integrations 
above, we have 
In(x — 2) = 2Int+c, 
where c is an arbitrary constant. 


Rearranging this to obtain the general solution 
in explicit form, we have 


In(x — 2) = In(t?) + ¢, 
so that 
a ee eln(t*)+e es ect 
E, 
and hence x = At? + 2, where A= e° is a 
positive, but otherwise arbitrary, constant. 


Using the initial condition, x = 4 when t = 1, we 
have 4= A+ 2. Hence A = 2, and the solution 
of the initial-value problem is 

e= 2 4 2. 


The differential equation dy/dx = e~¥ has a 
right-hand side of the form f(x)g(y), where 
f(x) =1 and g(y) =e 4. Separating the 
variables in the differential equation, we obtain 


fera= frac. 


On integrating, we have 
eta BE, 
where c is an arbitrary constant. 


To obtain the explicit form of the general 
solution, we take the natural logarithm of both 
sides, which gives 

y =In(x+c). 


Using the initial condition, y = 1 when z = 0, 
we have 1 = Inc. Hence c = e, and the solution 
of the initial-value problem is 


y = In(x +e). 


(We must have x > —e for this solution to be 


valid.) 


(d) 


The differential equation du/dr = 2r(1+ u?) has 
a right-hand side of the form f(r)g(u), where 
f(r) = 2r and g(u) = 1+ u?. Separating the 
variables in the differential equation, we obtain 


[gee frre. 
14+ u? 


On integrating, and applying the first result in 
the Comment for Activity 2.2 for the left-hand 
side, we have 


arctan u =r? + .. 


where c is an arbitrary constant. Using the 
initial condition, u = 1 when r = 0, we have 


arctan 1 = c. Hence c = aT, and the solution of 


the initial-value problem is 
arctan u = r? + aT. 
In explicit form, this is 


u = tan (r? + iT) . 


Solution 2.5 


(a) 


(b) 


The method of separation of variables can be 
applied, since the right-hand side is of the form 


f(x)g(y) with f(x) = 3 and g(y) = secy. 
Separating the variables, we obtain 


1 
/ dy = | 3dr. 
Sec y 


Since 1/sec y = cosy, integration gives 


siny = 3x+¢, 
where c is an arbitrary constant. 


Rewriting this in explicit form, for 
—30 < oe 57, we have 


y = arcsin(3z + c). 


The method of direct integration can be applied. 
We have 


af pe dx 


ae 
Bes ba +s, 
where c is an arbitrary constant. 


Neither method can be applied here, as the 
equation is not of an appropriate form. 


The method of separation of variables can be 
applied, since the right-hand side, 

u+ut =u(1 +1), is of the form f(t)g(u) with 
f(t) =1+t and g(u) =u. Separating the 
variables, we obtain 


[awa fara 


On integrating, we have 
Inu=t+t? +c, 


where c is an arbitrary constant. 


(e) 


In explicit form, the general solution is 


— ett /2)+¢ or y= Aett(t°/2), 


U 


where A = €¢ is a positive, but otherwise 
arbitrary, constant. 


Neither method can be applied here, as the 
equation is not of an appropriate form. 


Solution 2.6 


(a) The differential equation is du/dt = —k(v + g/k), 


(c) 


and the right-hand side is of the form f(t)q(v), 
with f(t) = —k and q(v) =v +g/k. Separating 
the variables, we have 


[agen [ww 


For the left-hand side, we use equation (2.4) of 
Chapter C2 Section 2. Since q(v) =v+g/k > 0, 
and q’(v) = 1, this gives 


1 
/ Tee dv = I1n (v a > ) + constant. 


Hence, on carrying out both of the integrations 
above, we obtain 


In (v + ) = —kt+c, 
where c is an arbitrary constant. 


Rearranging this to find the general solution in 
explicit form, we have 


g —kt+c 
——e ; 
u + I. 


so that 


a g 
vy = Ae *t— =, 
k; 
where A = €° is a positive, but otherwise 


arbitrary, constant. 


Using the initial condition, v = vo when t = 0, 
we have 


vy SAE 


Hence A = vp + g/k, so the required particular 
solution is 


“ 3 —Ke_ 
v= (w+ e % 


Taking vp = 20, g = 10 and k = 0.1 gives 
v = 120e~°'** — 100, 


which is the required equation. 


Solution 3.1 


(a) 


Using equation (3.5) of Chapter C3 Section 3, 
the decay constant k corresponding to a half-life 
T = 5.27 years is 


in 2.42 = 
k= = oe 0.132 year” ~ (to 3 s.f.). 


(b) 


Hence, from equation (3.4) of Chapter C3 
Section 3, the proportion of a sample remaining 
after 8 years 1s 


t+8 
m(t +8) _ ,-0.132x8 _ 9.349 (to 3 s.f.). 
m(t) 
So about 35% of the original amount of 
cobalt-60 remains after 8 years. 


The proportion remaining will be 10% of the 
original amount after a time TJ years, where 


a ee ee 


= eenthT. 
m(t) 100 
Taking logarithms, we obtain 
—kT = In(0.1), 


whose solution is 

In(0.1) In10 
Se a 
Hence it will be about 17 5 years before the 


proportion of cobalt-60 remaining is 10% of the 
original amount. 


= me 37.5 (66-3 af). 


Solution 3.2 


(a) 


The completed table of data is given below. 


0.76 0.58 0.42 0.33 0.27 0.20 
In(m/mo)|—0.27 —0.54 —0.87 —1.11 —1.31 -1.61 


The graph of In(m/mo) against t for the data is 
shown below. We have added a straight line 
(chosen by eye) through the origin which fits the 
data points well. (This good fit confirms that 
the exponential model, m = moe **, gives a 
satisfactory description of the radioactive decay 
of strontium-82.) 


In(m/mo) 


10 ma a 60g 


20 30 


295 


(c) 


(d) 


The straight line passes through the origin and 
through the point (60, —1.62), and so its slope is 


Sk 
60 


Hence the decay constant for strontium-82 is 
k = 0.027 day~'. From equation (3.5) of 
Chapter C3 Section 3, the corresponding half-life 
is 
In 2 In 2 
fH = —_ = 

k 0.027 
After 90 days, the proportion of the sample 
remaining is estimated to be 


e908 =. g S02 EMF = 0.0880 (to 3 8.1). 


= —0.027. 


= 25.7 days (to 3 s.f.). 


So, according to the model, about 9% of the 
original amount of strontium-82 remains after 
90 days. 


Solution 3.3 


(a) 
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The initial population size is Py = 8 x 10°, and 
the proportionate growth rate is 

K = 0.02 year+. Hence, from equation (3.7) of 
Chapter C3 Section 3, the population size P 
after time t years is 


P = Poe*®* = 8 x 10%e9- 0". 
After 10 years the population size is 
P= 8 x 10°e"* = 9.77 « 10° Rog oF) 
whereas after 40 years the population size is 
Pe 8 x10 = iT ek iio oe 


So, to 3 significant figures, the population size 
after 10 years is 9.77 million, and after 40 years 
it is 17.8 million. 


The population size reaches 80 million 
(80 x 10°) at the time ¢ years given by 


80 = 8e°-°*t. that is, 10 = e?-°**. 


Taking the logarithm of each side, we obtain 
0.02t = In 10; that is, 


In 10 
oe ee = J de 
t an 5 (to 3 s.f.) 


Hence it takes about 115 years for the 
population size to reach 80 million. 


The doubling time of the population is given by 


In 2 
T= — 
K 


(see Activity 3.6(a) of Chapter C3 Section 3). 
For this population we have K = 0.02, so the 
doubling time is 
In 2 
T = —— = 34.7 (to 3 s.f.). 
0.02 oe, 


Hence the doubling time is just under 35 years. 


(a) 


(b) 


Solution 3.4 


The table below gives the values of the time t 
(in years since 1950), the population size P (in 
millions) and In P, to 3 significant figures. 


InP |3.74 3.95 4.19 4.44 4.70 4.92 


The corresponding log-linear plot is shown 
below. 


In P SE BE 


The data points are fitted reasonably well by the 
straight line drawn. This confirms that the 

exponential model is appropriate to describe the 
Bangladeshi population for the years 1950—2000. 


The intercept on the (In P)-axis is 3.72. This is 
the value of In Pp for the model, which gives 


Pyse™ = 415 Go sak). 


As well as the point (0,3.72), another point on 
the straight line is (50, 4.92). The slope of the 
straight line is therefore 

4.92 — 3.72 

50 — 0 

So our estimate for the proportionate growth 
rate K is 0.024 year~!, and for the initial 
population Po the estimate is 41.3 million. 


= 0.024. 


Using the estimates obtained for K and Po, the 
exponential model for the Bangladeshi 
population (1950-2000) is 


P = 41.3e9-924*, 


The year 2010 corresponds to t = 60, so the 
estimate from the model for the population in 
that year is 


Pig = fo = 174 io Saf). 


Hence our estimate for the population of 
Bangladesh in 2010 is 174 million. 


Solution 3.5 


(a) 


(b) 


(d) 


Since y = 0 — 6,, and @, is constant, 


dy dé 
— = 
Hence equation (1) can be written as 
dy 
— = —ky. 
i 


From result (3.9), with K = —k, the general 


solution of this differential equation is 
—— Ac ™. 


where A is an arbitrary constant. Hence the 
general solution of equation (1), for 0 = y + Ga, is 


6 = Ae—** + Oy. 


Using the initial condition, 6 = 0) when t = 0, 
we have 


09 = A+ Oy. 


Hence A = 09 — 93, and the required particular 
solution is 


0 = (09 — O,)e** + Oa. 


Taking 0, = 20 and 69 = 90, the particular 
solution becomes 


6 = 70e** + 20. 


Since t is measured in seconds, we have @ = 60 
when t = 300, so that 


60 = 70e72%* + 20; that is, oo — . 
Taking logarithms, we obtain 
a 4 
—300k = In (4), 
so that 
k = zi, In (4) = 0.00187 (to 3 s.f.). 
Hence the temperature of the object is given by 


fa oes 70e 0:00 87t che 20. 


After a further 5 minutes (that is, 10 minutes 
from the start), we have t = 600, so the 
temperature is then given by 


Q a 70e—0:001 87 x 600 a 1 = 42.9. 


Hence the temperature of the object after a 
further 5 minutes is estimated to be about 43°C. 
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